Abstract. We investigate the topological and metric properties of attractors of an iterated function system (IFS) whose functions may not be contractive. We focus, in particular, on invertible IFSs of finitely many maps on a compact metric space. We rely on ideas Kieninger and McGehee and Wiandt, restricted to what is, in many ways, a simpler setting, but focused on a special type of attractor, namely point-fibred minimal (locally) invariant sets. This allows us to give short proofs of some of the key ideas.
Introduction
The subject of this paper is the attractor or attractors of an iterated function system (IFS) on a compact metric space. Iterated function systems are used for the construction of deterministic fractals [2] and have found numerous applications, in particular to image compression and image processing [3] . The notion of an attactor of an IFS has historically been linked with the the contractive properties of the functions in the IFS, beginning with the work of Huchinson [10] . If the functions in the IFS are contractions, then the existence of an attractor, in a strong sense which we call a strict attractor, is assured. Moreover, it has recently been shown [1, 17] that, for affine and Möbius IFSs (defined in Section 2), the existence of an attractor implies that the functions in the IFS must be contractions. There do exists, however, examples of IFS attractors for which the functions are not contractions with respect to any metric that gives the same topology as the underlying space [6] . In the current paper we investigate the topological and metric properties of attractors of a general IFS on a compact metric space for which the functions are not necessarily contractive. We rely on ideas in [12] and [14] , but restricted to what is, in many ways, a simpler setting.
There are numerous definitions of an attractor; see [15, 16] and [9] for example. The notion of attractor as used in the paragraph above is the one that has become standard in the fractal geometry literature. For this paper the term strict attractor is used for this type of attractor, because it is natural in our setting to introduce a more general notion of attractor. For this type of attractor the term Conley attractor is used because it is essentially an extension to a finite set of functions of a notion used so successfully by Conley for a single function [7] . Both the strict attractor and the Conley attractor are defined in Section 2. The attractor block, an essential tool for our investigation of Conley attractors, is the subject of Section 3, the main result being Theorem 3.4 stating that every Conley attractor possesses an attroctor block. Section 4 gives a couple of sufficient conditions that guarantee that a Conley attractor is a strict attractor. These sufficient conditions involve both contractive properties of the functions in the IFS and the existence of a natural addressing function for the points of the attractor. The notion of "fibering" plays a role; the thesis of Kieninger [12] has an extensive discussion of the subject of fibering.
In the case that the functions in the IFS F are invertible, there is a duality between the action of the IFS F and the IFS F * consisting of the inverses of the maps in F . This leads to the notion of an attractor-repller pair (A, A * ) consisting of a Conley attractor A of F and a disjoint Conley attractor A * of F * , the main result being Theorem 5.2 in Section 5. For the dynamics of a single function, this plays a significant role in Conley's index theory [7] and has been extended to the context of "closed relations" by McGehee and Wiandt [13, 14] . In general, an invertible IFS can have many Conley attractor-repeller pairs. The second main result in Section 5 is Theorem 5.5, which relates the structure of these Conley attractor-repeller pairs to the dynamics of the IFS F , more specifically to the set of chain-recurrent points of F .
The last section provides some examples of the properties described in the paper.
Attractors
Unless otherwise stated, throughout this section (X, d) is a complete metric space. The closure of a set B is denoted B and the interior by B o .
Definition 2.1. If f n : X → X, n = 1, 2, . . . , N, are continuous functions, then
is called an iterated function system (IFS). If each of the maps f ∈ F is a homeomorphism then F is said to be invertible, and the notation
is used. Subsequently in this paper we refer to some special cases of an IFS. For an affine IFS we have X = R n and the functions in the IFS are affine functions of the form f (x) = Ax + a, where A is an n × n matrix and a ∈ R n . For a projective IFS we have X = RP n , real projective space, and the functions in the IFS are projective functions of the form f (x) = Ax, where A is an (n + 1) × (n + 1) matrix and x is given by homogeneous coordinates. For a Möbius IFS we have X = C = C ∪ {∞}, the extended complex plane, and the functions are Möbius functions of the form f (z) = az+b cd+d , where ad = bc = 1. Möbius functions may equivalently be considered as acting on the Riemann sphere or the complex projective line.
By a slight abuse of terminology we use the same symbol F for the IFS, the set of functions in the IFS, and for the following mapping. Letting 2 X denote the collection of subsets of X, define F : 2 X →2 X by
for all B ∈ 2 X . Let H = H(X) be the set of nonempty compact subsets of X. Since F (H) ⊆ H we can also treat F as a mapping F : H → H. Let d H denote the Hausdorff metric on H, which can be defined as follows. Using the notation S r = {y ∈ X : d X (x, y) < r for some x ∈ S} with S ⊂ X and r > 0, a convenient definition of the Hausdorff metric d H (see for example [8, p.66] ) is d H (B, C) = inf{r > 0 : B ⊂ C r and C ⊂ B r } for all B, C ∈ H. Under various conditions F : H → H is continuous with respect to d H . This occurs for example when the metric space X is compact or when each f ∈ F is Lipshitz, see [5] . It was also proved to be true when X is a complete metric space, see [4] .
For B ⊂ X and k ∈ N := {1, 2, ...}, let F k (B) denote the k-fold composition of F , the union of
The definition of an attractor that is fairly standard in the literature on fractals is as follows. The largest open set U such that (ii) is true is called the basin of the strict attractor A of the IFS F .
The following less restrictive (see statement (4) of Proposition 2.4) definition of an attractor A is used in this paper. Called a Conley attractor, it generalizes a notion of attractor due to Conley [7] that has proved useful in the study of the dynamics of a single function. The definition states, in the case of nonempty attractors, that there is an open set U containing A whose closure converges, in the Hausforff sense, to A. Proof. Concerning statement (1),
Statement ( 
Remark 2.5. Conley's concept of an attractor for one function is usually expressed as an ω-limit. Although it is slightly more complicated to do so, our definition of Conley attractor could be defined in a similar manner. Let S ⊂ X. The ω-limit set of the set S under F is
Omitting the proof, we state that a set A ⊂ X is a Conley attractor of the IFS F if and only if (i) A = ω(U ) for some open subset U of X, and (ii) A ⊂ U . Moreover, the largest open set B ⊂ X such that ω({x}) ⊂ A for all x ∈ B is the basin of A. It follows from the equivalence of the two definitions that the Hausdorff limit in Definition 2.3 exists if and only if k≥K F k (U ) ⊂ U for some K.
In the following lemma we use the notation d(X, Y ) = max x∈X min y∈Y d(x, y) for compact sets X and Y . The lemma states that the basin of a Conley attractor A consists of those points whose image under iterates of F get arbitrarily close to A. Lemma 2.6. If A is a Conley attractor of an IFS F , then the basin of A is
Proof. Let B denote the basin for A and B ′ the set in Equation 2.1. It follows from the definitions that B ⊆ B ′ . Let U be an open set containing A such that lim k→∞ F k (U ) = A. To prove that B ′ ⊆ B, it suffices to show that, for any
To show that such a neighborhood N exists, let ǫ > 0 be such that {x :
Attractor Blocks
Definition 3.1. If F is an IFS on a compact metric space X, then Q ⊂ X is called an attractor block with respect to
The following proposition is easy to verify. 
is the corresponding Conley attractor, then Q is called an attractor block for A with respect to F .
The basin of a
Proof. The proof will make use of the function 
Property (2) follows from the fact thatA ⊂ F −1 (A). Property (3) follows from the facts that
Since, by statement (2) of Proposition 2.4,
To verify that a set O k with these properties exists, assume that O k , k ≥ 1, has been chosen with properties (1) and (2) and note that
We claim that
, and lastly,
Sufficient Conditions for a Conley Attractor to be a Stict Attractor
In this section A is a Conley attractor of a IFS F on a compact metric space and B is the basin of A. Under certain conditions A is guaranteed to be a strict attractor. In particular, contractive properties of the functions in F or of the "fibers" of F may force this.
Definition 4.1. An IFS F on a metric space (X, d) is said to be contractive if there is a metricd inducing the same topology on X as the metric d with respect to which the functions in F are strict contractions, i.e., there exists λ ∈ [0, 1) such thatd X (f (x), f (y)) ≤ λd X (x, y) forall x, y ∈ X and for all f ∈ F .
A classical result of Hutchinson [10] , a result marking the origin of the concept of an iterated function system, states that if F is contractive on a complete metric space X, then F has a unique strict attractor with basin X. The corollary below follows from Hutchinson's result. 
Then by the definitions of the Conley and strict attractor
′ , then by the definition of strict attractor we have For an IFS F and σ ∈ Ω, we use the shorthand notation
if it exists, is referred to as a fiber of the IFS F .
exists for all σ ∈ Ω and, for each σ, is independent of x ∈ B.
A main reason for the importance of the point-fibered concept is that it leads to an addressing scheme for the points of a strict attractor, an addressing scheme that relates naturally to the functions in the IFS. The addresses are infinite strings in the alphabet {1, 2, . . . , N }, where N is the number of functions in the IFS. The precisely definition is as follows. 
where s n is the inverse shift defined by s n (σ) = nσ, then π is called a coding map for F . The map π is also referred to as an addressing function.
Theorem 4.6. If F is a point-fibered iterated function system on a compact metric space X, then (1) F : H(X) → H(X) has a unique fixed-point A ∈ H(X), i.e. F (A) = A; (2) A is the unique strict attractor of F in X; (3) the basin of A is X; (4) the map π F : Ω → X given by π F (σ) := lim k→∞ f σ|k (x) is a coding map; (5) the range of the the coding map π F is A, i.e. π(Ω) = A. Theorem 4.7. If an affine IFS F on R n has a coding map π and the affine hull of A := π(Ω) equals R n , then F is point-fibered on R n . Moreover A is the strict attractor of F .
The following generalization of Corollary 4.2 follows from Theorem 4.6 in exactly the same way as Corollary 4.2 followed from Hutchinson's theorem. It is a generalization because if it easy to show that if F is contractive on a complete metric space X, then F is point-fibered on X. Research on when the property of being point-fibered implies that the the IFS is contractive is ongoing; see [11] .
Corollary 4.8. Let F be an IFS on a compact metric space with a Conley attractor A and basin B. If F is point-fibered on B, then A is a strict attractor of F with basin B.
Attractor-Repeller Pairs
In this section it is assumed that the iterated function system is invertible. Proof. By Theorem 3.4 there is an attractor block Q for A with respect to F . It is easy to verify that the complement Q * := X\Q is an attractor block with respect to F * . Let A * = lim k→∞ F * k (Q * ) be the corresponding topological Conley attractor as guaranteed by Proposition 3.2.
It is now sufficient to show that the basin B of A is X \ A * , and to do this Lemma 2.6 is used. If
, A) = 0 and the proof is complete. So, by way of contradiction, assume that F k (x) is not a subset of Q for any k. Then there is a set
* , by statement (1) of Proposition 2.4, there is an x 1 ∈ A * and an f 1 ∈ F such that f −1 1 (x 1 ) = x 0 , i.e., x 1 = f 1 (x). For the same reason there is an x 2 ∈ A * and an f 2 ∈ F such that f −1 2 (x 2 ) = x 1 , i.e., x 2 = (f 2 • f 1 )(x). Continuing in this way, it is clear that F k (x) ∩ A * = ∅ for all k > 0, which implies by Lemma 2.6 that x does not lie in B.
Definition 5.3. If F is an invertible IFS on a compact metric space X and A is a Conley attractor of F with basin B, then the set
is called the dual repeller of A.
Examples of attractor-repeller pairs are shown in Section 6. The notion of a chain for an IFS is based on the notion of a chain for a single function [7] .
Definition 5.4. Let ε > 0 and let F be an IFS on X. An ε-chain for F is a sequence of points {x i } n i=0 , n > 0, in X such that for each i ∈ {0, 1, 2, . . . , n − 1} there is an f ∈ F such that d(x i+1 , f (x i )) < ε. A point x ∈ X is chain-recurrent for F if for every ε > 0 there is an ε-chain {x i } n i=0 for F such that x 0 = x n = x. The set of all chain recurrent points for F is denoted by R := R (F ).
We refer to the following as the Conley-McGehee-Wiandt (CMW) theorem due to previous versions in a non IFS context. 
We must show that x / ∈ R. By way of contradiction, assume that x is chainrecurrent and that {x i } n i=0 an ǫ-chain with x 0 = x n = x and ǫ < d. We may assume, by repeating the chain if necessary, that n ≥ K. Since F k (x) ⊂ Q o for all k ≥ K and by the continuity of the functions in F , if ǫ is sufficiently small, say
Repeating this argument shows that x i ∈ Q for all i ≥ K. From the first paragraph in the proof x / ∈ Q and by the above x = x n ∈ Q, a contradiction.
Conversely assume that x / ∈ R. Then there is an ǫ > 0 such that no ǫ-chain starts and ends at x. Let U denote the set of all points y such that there is an ǫ-chain from x to y. Notice that (1) x / ∈ U , (2) U is an open set, and (3) F (U ) ⊂ U . Therefore A := lim k→∞ F k (U ) is a Conley attractor with x / ∈ A. Since F (x) ⊂ U and A := lim k→∞ F k (U ), the point x lies in the basin of F , and therefore x / ∈ A * by Theorem 5.2. So x / ∈ A ∪ A * .
Examples
Example 6.1. This is an example of an IFS with infinitely many Conley attractors. Let n be an integer and consider the IFS on R consisting of the single function
2 + 2(n + 1)x − (n 2 + n) if n ≤ x < n + 1, n < 0. The line in RP 2 corresponding to the y, z−plane in R 3 is a Conley attractor but it is not a strict attractor. Figure 1 shows the attractor-repeller pair of a Möbius IFS whose space is the Riemann sphere. Since this IFS is contractive it has a unique non-trivial strict attractor-repeller pair. For further details on such Möbius examples see [17] . The following projective IFS, whose space is the projective plane, is non-contractive but has a unique non-trivial strict attractor A shown in Figure 6 The attractor A is the union of the points in the red and green lines. In the right panel a zoom is shown which displays the fractal structure of the set of lines that comprise the attractor. The color red is used to indicate the image of the attractor under f 1 , while green indicates its image under f 2 . For further details on such examples, see [6] .
As indicated by the proof of Theorem 4.3, an example of a non-contractive affine or Möbius IFS with a strict attractor cannot exist. 
